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FIG. 1: (a) ( )
$EB$ (Entanglement breaking channel)
$\mathcal{E}(\rho)=\sum_{j}|j\rangle\langle j|\rho|j\rangle\langle j|$ $i$
$|j\rangle$ ( ) (b)
II. QUANTUM STATE AND ENTANGLEMENT





(separable states) 2 $AB$
$\rho=\sum p_{i}(\rho_{i})_{A}\otimes(\sigma_{i})_{B}$ (1)




$Sep. =S_{1}= \{\rho|\rho_{AB}=’\sum p_{i}(\rho_{i})_{A}\otimes(\sigma_{i})_{B}\}$ , (3)
Sep. ( $\rho_{1}\in Sep.$ $\rho_{2}\in Sep.$ $p\in[0,1]$ $p\rho_{1}+(1-$
$p)\rho_{2}\in$ Sep ) 2 ( ) Sep.
la
FIG. 2:
B. Schmidt decomposition and Schmidt rank














2 $|\psi\rangle_{AB}$ $\hat{\psi}=|\psi\rangle\langle\psi|$ Eq. (1)








$| \psi^{*}\rangle=\sum_{j=0}^{d_{\neg}1}\langle j|\psi\rangle|j\rangle$ (9)
Eq. (8) $I$ $A$ $B$
$\langle\psi|_{A}\otimes I_{B}|\Phi\rangle_{AB}=|\psi^{*}\rangle_{B}/\sqrt{d}$
$I_{A}\otimes\langle\psi|_{B}|\Phi\rangle_{AB}=|\psi^{*}\rangle_{A}/\sqrt{d}$ (10)
D. Schmidt-number as a measure of entanglement
(Schmidt number) [2]
148
Eq. (5) rank $(Tr_{B}\psi_{AB})$





Convex roof extension [3, 4]
Eq. (11) Convex roof extension
$k$
$S_{k}=\{\rho|SN(\rho_{AB})\leq k\}$ , (14)
$S_{k}$ $S_{k}\subset S_{k+1}$ Eq.
(3) $k=1$
$Sep. =S_{1}= \{\rho|\rho_{AB}=\sum p_{i}(\rho_{i})_{A}\otimes(\sigma_{i})_{B}\}=\{\rho|SN(\rho_{AB})=1\}$ . (15)
FIG. 3:
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$\mathcal{E}_{A}\otimes I_{B}(\rho_{AB})\geq 0$ (16)
$I$ $A$





$J_{\mathcal{E}}=\mathcal{E}\otimes I(\hat{\Phi})\geq 0$ (18)
$d$ $d$
: (Quantum gate) / (Quan-
tum channel) $J$ . (Physical process)
(completely positive trace-preserving map$/CPTPmap/$CPT)
“In quantum theory, any physical process is described
by a completely positive trace-preserving map$\cdots$ ”
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B. Average gate fidelity
(Uniform average gate fidelity) $U$
$\overline{F}(\mathcal{E});=\int d\psi\langle\psi|U^{\uparrow}\mathcal{E}(|\psi\rangle\langle\psi|)U|\psi\rangle$ (19)
[5-7] $d\psi$ Haar measure
$d$ $\psi$ ( )
$\overline{F}(\mathcal{E})$ (1 )
$\int d\psi|\psi\rangle\langle\psi|=I/d$ (20)


















$\int d\psi|\psi\rangle\langle\psi|\otimes|\psi^{*}\rangle\langle\psi:|=\frac{1}{d(d+1)}(I+d\hat{\Phi})$ . (24)
Eq. (23) $\langle\Phi|U_{A}^{\dagger}J_{\mathcal{E}}U_{A}|\Phi\rangle$ Choi $J_{\mathcal{E}}$






$M$ : $\psiarrow\psi’$ $\mathcal{E}$
$\langle\psi’|\mathcal{E}(\hat{\psi})|\psi’\rangle$




$M$ : $\psi_{i}arrow\psi_{i}’$ 1 1
$M$
[11,12]
IV. ENTANGLEMENT BREAKING AND QUANTUM BENCHMARK





$\mathcal{E}_{A}\otimes I_{B}(\rho_{AB})=\sum p_{i}(\rho_{i})_{A}\otimes(\sigma_{i})_{B}\in Sep$ . (27)
$\mathcal{E}$ $EB$ [13] Eq. (1)
$A$ $B$
Eq. (27)
Eq. (17) $|\Phi\rangle$ $EB$
$J_{\mathcal{E}}= \mathcal{E}_{A}\otimes I_{B}(\hat{\Phi}_{AB})=\sum p_{i}(\rho_{i})_{A}\otimes(\sigma_{i})_{B}$ (28)
[13] Choi $J_{\mathcal{E}}$ $EB$
Eq. (2)
$\mathcal{E}_{A}\otimes I_{B}(\rho_{AB})\neq\sum p_{i}(\rho_{i})_{A}\otimes(\sigma_{i})_{B}$ (29)
(Quantum domain channel
)
Eq. (29) ( 4 ) $EB$
[14,15].
$EB=\mathcal{O}_{1}=\{\mathcal{E}|J_{\mathcal{E}}\in Sep.\}$ . (30)
$EB$ Eq. (3) Sep. $EB$













subject to $\sum_{m}A_{m}\dagger A_{m}=$ fl (32)
$A_{m}$ $A_{m}\rho A_{m}^{\uparrow}\geq 0$
$F(\mathcal{E})$ $m$
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$Tr$ $[( \sum_{m}A_{m}A_{m}^{\uparrow})\rho]=$ $Tr$ $(I\rho)=$ $Tr$$\rho=1$ (33)
$EB$ $EB$
1
$\mathcal{E}$ is entanglement breaking
$\Leftrightarrow$ There exists a Kraus repersentation s.t., rank$(A_{m})=1$ for all $m$ . (34)
1 $A_{m}=|P_{m}\rangle\langle m|$
$\mathcal{E}(\rho)=\sum_{m}A_{m}\rho A_{m}\dagger$
$= \sum_{m}\langle m|\rho|m\rangle|P_{m}\rangle\langle P_{m}|$ (35)
$\{|m\rangle\}_{m}$ $m$
$|P_{m}\rangle$ $\langle P$ Eq. (32)
$\sum_{m}A_{m}^{\dagger}A_{m}=\sum_{m}|m\rangle\langle m|=I$ (36)
$\{|m\rangle\}_{m}$ $POVM$ (Positive-operator valued measure)
$\{|m\rangle\}_{m}$ $\{|P_{m}\rangle\}_{m}$
$EB$ Measure&Prepare ( $MP$ )
scheme $EB$
$\mathcal{E}_{A}\otimes I_{B}(\hat{\Phi}_{AB})=\frac{1}{d}\sum_{m}(|P_{m}\rangle\langle P_{m}|)_{A}\otimes(\sum_{i,j}\langle m|i\rangle\langle j|m\rangle|i\rangle\langle j|)_{B}$
$= \frac{1}{d}\sum_{m}(|P_{m}\rangle\langle P_{m}|)_{A}\otimes(|m^{*}\rangle\langle m^{*}|)_{B}$
(37)













Eq. (38) Eq. (35)
$|M_{j,l}^{(m)}\rangle:=\sqrt{q_{l}^{(m)}}|M_{j}^{(m)}\rangle$ (40)
Eq.(38)




Eq. (38) Holevo Form $M_{m}$
1 Classical-Quantum ( $CQ$ ) $\rho_{m}$ 1
Quantum-Classical ( $QC$ ) [13]
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$EB$ Choi 3
$\mathcal{E}$ is entanglement breaking
$\Leftrightarrow \mathcal{E}_{A}\otimes I_{B}(\rho_{AB})\in Sep$ . for any $\rho_{AB}\geq 0$ (44)
$\Leftrightarrow J_{\mathcal{E}}=\mathcal{E}_{A}\otimes I_{B}(\hat{\Phi}_{AB})\in Sep$. (45)
$\Leftrightarrow$ There exists a Kraus repersentation s.t., rank$(A_{m})=1$ for any $m$ . (46)





Eq. (29) 4 $EB$










$[$5,16, 21, $24]$ $[25-27]$ [27, 28]
[29] [16]
157
Classical limit of average fidelities/Quantum benchmark
Eq. (26) $EB$








$F_{C}$ $p_{i};\psi_{i}arrow\psi_{i}’$] minimum error discrimination
[10]
Eq. (19)
$\overline{F}_{c}$ $:= \mathcal{E}\in EBmaiX\int d\psi\langle\psi|U^{\dagger}\mathcal{E}(|\psi\rangle\langle\psi|)U|\psi\rangle=\mathcal{E}EB\max_{\in}\int d\psi\langle\psi|\mathcal{E}(|\psi\rangle\langle\psi|)|\psi\rangle=\frac{2}{d+1}$ (49)
[5, 6, 21, 25, 26, 28] $U$
$EB$ Eq. (45) $EB$ $J_{\mathcal{E}}$
$\max_{\rho\in S_{1}}\langle\hat{\Phi}\rangle_{\rho}=1/d$
[6] Eq. (23) $\leq\frac{2}{d+1}$ $EB$
$\mathcal{E}(\rho)=\sum_{j=0}^{d-1}|j\rangle\langle j|\rho|j\rangle\langle j|$ (50)
$= \frac{2}{d+1}$ Eq. (48)
$\overline{F}(\mathcal{E})$
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V. PARTIALLY ENTANGLEMENT BREAKING CHANNEL
[30-32]
Choi $J_{\mathcal{E}}$
$EB$ Eq. (27) Choi $J_{\mathcal{E}}$ 1
$\mathcal{E}$ is entanglement breaking
$\Leftrightarrow SN(J_{\mathcal{E}})=1$ (51)
$k$-partial entanglement breaking channel ( $k$-PEB ) Choi
$J_{\mathcal{E}}$ $k$ [14, 15]
$\mathcal{E}$ is $k$-partial entanglement breaking
$\Leftrightarrow SN(J_{\mathcal{E}})\leq k$ (52)
.
$\mathcal{E}(\rho)=\sum_{m}A_{m}\rho A_{m}\dagger$ is $k$-partial entanglement breaking
$\Leftrightarrow$ There exists a Kraus representation s.t., rank$(A_{m})\leq k$ for any $m$ . (53)
2 $k=1$ $EB$ $k$-PEB
$k$ $EB$
Eq. (44)
$\mathcal{E}$ is $k$-partial entanglement breaking
$\Leftrightarrow SN(\mathcal{E}_{A}\otimes I_{B}(\rho_{AB}))\leq k$ for any $\rho_{AB}$ (54)













$\mathcal{O}_{k}\subset \mathcal{O}_{k+1}$ ( 5 ) $k=1$
$EB$
VI. SCHMIDT NUMBER BENCHMARK
Eq. (26) k- PEB
$F^{(k)} \lceil p_{i};\psi_{i}arrow\psi_{i}’]:=_{\mathcal{E}}\max_{\in \mathcal{O}_{k}}\overline{F}[\mathcal{E};p_{i};\psi_{i}arrow\psi_{i}^{l}]$ (59)
$k$ Eq. (48)




FIG. 5: $d$ $\mathcal{O}_{1}\subset \mathcal{O}_{2}\subset \mathcal{O}_{3}\subset\cdots\subset \mathcal{O}_{d}$ 1
$EB$
$\mathcal{O}_{1}$ $k\leq d$ $PEB$ $E$
$B$ $k-1$
$k=d$ ( ) $\mathcal{O}_{d}$
lb





$\overline{F}^{(k)} :=\max_{\mathcal{E}\in \mathcal{O}_{k}}\overline{F}(\mathcal{E})\leq\frac{1+k}{1+d}$ (62)
$\mathcal{E}_{k}(\rho):=\sum_{l=0}^{d-1}K_{l}\rho K_{l}^{\dagger}$ (63)
$K_{l}:= \frac{1}{\sqrt{k}}\hat{X}^{l}\sum_{j=0}^{k-1}|j\rangle\langle j|(\hat{X}^{\uparrow})^{\iota}$ (64)
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